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In this paper we continue the study of the modular function y^ 6,c and the generalized 
modulus fi a ,b,c started in 1 1\T1 . as well as the generalized elliptic integrals % a ,b,c and £ a ,&, c 
(for the notation, see (11. 3ft . (11.51) . (12. lj) and (12.21) below). In general, the more freedom 
the parameter values a, b and c are allowed, the more complex and hard-to-handle these 
^ ■ functions will be. As in |HVVj we are here particularly interested in the case b = c — a. 

Geometrically this case corresponds to the Schwarz-Christoffel problem from the unit 
disk onto a trapezoid, i.e. a quadrilateral with two parallel sides (see |HWt Theorem 
j> ! 2.3]). In the case c = 1, (and b = 1 — a) these functions coincide with the special cases 
Lp a K , /i a , % a , and £ a which were studied extensively in eg. |AQ VV| , and relate to the case 
5^ ' of a parallelogram. 

Given complex numbers a, b, and c with c / 0, —1, —2, . . . , the Gaussian hypergeo- 
metric function is the analytic continuation to the slit plane C \ [1, oo) of the series 

(1-1) F(a, b- c; z) = 2 F 1 (a i b; c; z) = V z l , \ z \ < i . 

Here (a, 0) = 1 for a ^ 0, and (a, n) is the shifted factorial function or the Appell symbol 

(a, n) = a(a + l)(a + 2) • ■ ■ (a + n — 1) 
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for n G N \ {0}, where N = {0, 1,2,.. .}. As usual, we let C, R and Z denote respectively, 
the sets of complex numbers, real numbers, and integers. 

A generalized modular equation of order (or degree) p > is 

(12) na,&;c;l-* 2 ) F(q,6;c;l-r 2 ) 

1 J F(a,6;c; S 2 ) ~ P F{a, b; c; r 2 ) ' U<r<i ' 

Sometimes we just call this an (a, 6, c)-modular equation of order p and we usually assume 
that a, 6, c > with a + b > c, in which case this equation uniquely defines s as a function 
of r, see jHVVl Lemma 4.5]. 

Many particular cases of (11.21) have been studied in the literature on both analytic 
number theory and geometric function theory, [BBj . |BBGj . [AVVlj . AQVV . Rational 



modular equations were studied most recently by R. S. Maier in [Mj- The classical case 
(a, b, c) = (|, 2, 1) was studied already by Jacobi and many others in the nineteenth 
century. In 1995 B. Berndt, S. Bhargava, and F. Garvan published an important paper 
[BBG] in which they studied the case (a, b, c) = (a, 1 — a, 1) and p an integer. For several 
rational values of a such as a = |,|,g and integers p (e.g. p = 2,3,5,7,11,...) they 
were able to give proofs for numerous algebraic identities stated by Ramanujan in his 
unpublished notebooks. These identities involve r and s from (11.2j) . 

To abbreviate (11.21) . we use the decreasing homeomorphism fj, a ,b,c '■ (0,1) — > (0, oo), 
defined by 

ft -i\ f \ f \ B(a,b) F(a,b;c;r' 2 ) 

(1-3) MO = / Wr) = 2 F(a , 6; c; r 2) > r * (°> X ) 

for a, 6, c > 0, a + b > c, where B is the beta function, and r' is the complementary 
argument r' = y/i — r 2 . We call ii a ,b,c the generalized modulus, cf. |LV1 (2.2)]. Now (11. 2ft 
can be rewritten as 

(1.4) ^a,b,c{s) =pfi a ,b,c(r) , < r < 1 . 
With p — 1/K, K > 0, the solution of (11.21) is then given by 

(1.5) s = # c (r) = ^K^,bAr)/K) . 

We call the function ^ 6,c defined by ( 11.51) the (a,b,c) -modular function with degree p = 
1/K [BBGJ, |A QVV[ (1.5)]. In the case a < c we also use the notation 



a,c—a,c 



f^a,c — ^a,c—a,c , V K — ¥ K 

This article is organized as follows. In Section 2 we introduce the necessary notation 
and the functions studied, as well as known results used in the sequel. In Section 3 
we obtain various generalizations of monotonicity results for certain combinations of 
the generalized elliptic integrals. The most important results here are Theorems 13.61 
and 13.121 where in particular the latter one concerning the Legendre .M-function leads 
to many of the results in Section 4. In Section 4 we present a number of interesting 
results, which include the monotonicity properties for functions symmetric with respect 
to r and s = v^ c ( r ) (Lemma 14. ip . the functional inequalities for fi afi and <^K- C (r), and a 
linearization result, Theorem 14 .71 Finally, in Section 5 the dependence on the parameter c 
for the functions /x ajC and <^ c (r) is studied. The main results in this section are Corollary 
15.41 and Theorems 15.61 and 15.71 In the final section some open problems are presented. 
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2 Preliminaries and definitions 



For < a < min{c, 1} and 0<b<c<a + b, define the generalized complete elliptic 
integrals of the first and second kinds (cf. |AQVV[ (1.9), (1.10), (1.3), and (1.5)]) on [0, 1] 
I'.v ' 

(2.1) % = XaAc = X aAc {r) = ^^-F(a, b; c; r 2 ) , 

(2.2) £ = £ oAc = £ aAc (r) = ^^F{a - 1, 6; c; r 2 ) , 

(2.3) %' = %' = X aAc (r') , and £' = E' = £ a , 6>c (r') 



for r e (0, 1), r' = yl — r 2 . The end values are defined by limits as r tends to + and 
1", respectively. In particular, we denote % a , c = K a ,c-a,c and £ ajC = £ a , c -a,c • Thus, by 
(EU) below, 

<v c B(a,b) 

3Va,6,c(0) = £ a ,6,c(0) = 

and 

m l B{a,b)B{c,c+l-a-b) 

Ca,6,c(l) = p/ ~ i 7\ ) 3Co,6,cCl) = °0 . 

2 is(c + 1 — a, c — b) 

Note that the restrictions on a, b and c ensure that the function % aAc is increasing 
and unbounded whereas £ a & c is decreasing and bounded, as in the classical case a = b = 

i C= 1 

2' ° 

Let T denote Euler's gamma function and let \I/ be its logarithmic derivative (also 
called the dig amma function), ^(z) = T'(z)/T(z). By |Ahl p. 198] the function \l> and its 
derivative have the series expansions 

.. OO CO 

(2.4) fr( z ) = _ 7 __ + y z ^(z)=y 7 -, 

v y v ' ' z ^ n(n + z) ^ in + z) 2 

n=l n=0 v ' 

where 7 = — \l/(l) = lim n _ >00 (^^' =1 1/k — logn) = 0.57721. . . is the Euler-Mascheroni 
constant. From (12. 4ft it is seen that $ is strictly increasing on (0, 00) and that is 
strictly decreasing there, so that \1/ is concave. Moreover, $?(z + 1) = ^(z) + 1/z and 
= - 7 - 2 log 2, see [SHI Ch. 6]. 
For all z £ C\ {0, —1, —2, . . .} and for all n 6 N we have 

(2.5) r(z + n) = (z,n)r(z), 

a fact which follows by induction [WW1 12.12]. This enables us to extend the Appell 
symbol for all complex values of a and a + t, except for non-positive integer values, by 

r(a) 

Furthermore, the gamma function satisfies the reflection formula |WW[ 12.14] 



for all z ^ Z. In particular, = t/tt. 

The beta function is defined for Rex > 0, Rey > by 



(2.8) 



= / - t) y - l dt 

Jo 



r(x)r(y) 

r(rr + y) 



As in this article we are mostly interested in cases where the hypergeometric parameters 
satisfy < a < c < 1 and b = c — a, we will shorten B := B(a,c — a) if no risk for 
confusion is apparent. 

We will make use of the standard notation for contiguous hypergeometric functions 

(cf. IE!) 

F = F(a, b; c; z), F(a+) = F(a + l,6;c; z), F(o-) = F(a - l,b;c; z) , 
etc. We also let 

v = v(z) = F , u — u(z) = F(a—) , V\ = V\(z) = v(l — z) , and U\ = U\{z) = u(l — z) . 

The behavior of the hypergeometric function near z = 1 in the three cases Re (a + b — c) < 
0, a + b = c, and Re (a + b — c) > 0, respectively, is given by 



(2.9) 



r ya, u, c, lj r(c-a)T(c-b) ' 

B(a, b)F(a, b;a + b;z)+ log(l - z) = R(a, b) + 0((1 - z) log(l - z)) 



F(a, b; c; z) — (1 — z) 



c—a—b 



F(c — a,c — b:c: z 



where R(a, b) = — ^(a) — ^(6) — 27. The above asymptotic formula for the zero- balanced 
case a + b = c is due to Ramanujan (see |Ask] ) . This formula is implied by [ASl 15.3.10]. 
Note that \) = log 16. 

For complex a, b, c, and z, with \z\ < 1, we now let 



(2.10) 



M{z) = M(a, b, c, z) = z(l - z) [ v x (z) ^ - v(z) ^ ) . 



Using the Gauss contiguous relations, [Rj p. 61], it is easy to see that 

(2.11) M = (c- a){uv l + u 1 v) + (2(a - c) + b)vv x 

= (c — a){uv\ + u\v — vvi) + (a + b — c)vvi 

and that 

(2.12) (B/2) 2 M{r 2 ) = (a + b-c)XX' + (c - a)[%E' + %'E, -%%'}. 
It follows from |AQVVj Corollary 3.13(5)] that 



(2.13) 



M(a, 1 - a, l,r) 



1 — a 



r(a)r(2-o) 



sin [ix a) 



7T 
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for < a < 1 and < r < 1. In particular, we get the classical Legendre relation ( |AARj . 

m\) 

(2.14) M(l/2,l/2,l,r) = i. 

7T 

The function .M will be referred to as the Legendre A4 -function, and it has a central role 
for the generalizations considered in this article. It has the following useful symmetry and 
convexity properties, some of which were established already in [HVVl 3.17] (properties 
(l)-(3))- 

2.15. Theorem. For positive constants a,b,c the restriction to (0,1) of the contin- 
uous function Ad has the following properties. 

(1) M(x) = Mil - x) > for all x e (0, 1). 

(2) If a + b < c, then Ai{x) is bounded and extends continuously to [0,1]. In particular, 
if a + b = c = 1, then A4(x) equals the constant sin (to) /V. 

(3) If a + b > c, then Ad is unbounded on (0, 1) with M(Q + ) = A4(l~) = oo. 

(4) If (a + b — l)(c — b) > 0, a + b > c > a and abj [a + b + 1) < c, then Ad (a, b, c, r) is 
strictly convex, decreasing in (0, 1/2] and increasing in [1/2, 1). 

(5) If (a + 6 — 1) (c — 6) < 0, a + b < c, and abj (a + b + 1) < c, then M. (a, b, c, r) is strictly 
concave, increasing in (0, 1/2] and decreasing in [1/2, 1). 

(6) If a + b > c then M(r) > ab/c for all r G (0, 1). 

Proof. Parts (l)-(3) are proved in the the above mentioned article. 
For (4) and (5) note that by (12.111) the function Ad can be written as 

Ad(a, b, c, r) = (c — a)(uv\ + U\V — vv\) + (a + b — c)vv\. 

In both cases (4) and (5) the constant (c — a) is positive, so concavity /convexity of 
(c — a)(uv\ + u\v — W\) follows from the assumptions by |KVl 2.1]. The functions v and 
Vx, are both log-convex by |AVV2[ 1.4], which follows from the parameter assumption 
abj[a + 6+1) < c. Then, so is the product vv\ (by eg. |AWlt 1.38(5)]), and thus it is 
convex. Then the convexity /concavity of (a + b — c)vv\ in the asserted cases also follows. 
For (6), we see that 

Ai(r) = (a + b — c)vv\ + (c — a)[vv\(a— ) + V\v(a— ) — vvi] 

= (a + b — c)vv\ + [(c — a)(c — 6)/c][(l — r)iw 1 (c+) + rviv(c+)} 
> (a + b — c) + [(c — a) (c — b) / c] = abj c. 

□ 

Next we record some elementary but useful results for deriving monotonicity proper- 
ties and obtaining inequalities. The first one is the so called VHopitaVs monotone rule, 
see jAVVll 1.25] and [AVV3j . 

2.16. Lemma. Let — oo < a < b < oo, and let f,g: [a,b] — > K. be continuous on 
[a, b] and differentiable on (a, b). Let g'(x) ^ on (a, b). Then, if f'(x)/g'(x) is increasing 
(decreasing) on (a,b), so are 

[f(x) - f(a)]/[g(x) - gia)] and [fix) - f(b)]/[g(x) - gib)}. 

If fix)/ g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict. 
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The second result follows from direct differentiation, and concerns the monotonicity 
of certain rational functions. 



2.17. Proposition. Assume that f,g: I — > R are differentiable on an interval I C 
I, and that a, b,c,d e R. Then 

■ (t A u\ d {WW ■ d faf(x) + bg(x) 
sign (act — be)— —— = sign ' 



dx \g(x) J J dx \cf(x) + dg(x) 

Finally, we record some of the most useful differentiation formulae for the functions 
defined in (Oft . (fT3ft . (|2T1) . (j2^1) and fl2~TU|) (cf. |HW] ): 

dIC 2 

(2.18) _ = _ ( (c - a)£ + (frr 2 + a - c)3C) , 

(2.19) £=2^ (*-£), 

dr r 

(2.20) Tr^-^ = ^(« C - a ) + ( 1 - fl ) r ' 2 ) £ 

+ ((a + 6)r 2 -c + r l2 )%) , 

(2.21) -^-(£ - r ,2 IK) = _ c )£ + ( c _ i _ (6 _ l) r 2 )IK) , 
(2 22) -Mr)- ^'^^ - #M) 3 .M(r 2 ) 



v 7 rr i2 v ( r 2y 4rr' 2 X 2 

M(s 2 ) ds _ 1 ss ,2 v(s 2 ) 2 1 ss' 2 X(s) 2 
(■ ) A<f(r 2 )dr ~ A" rr'\'(r 2 ) 2 ~~ K rr /2 3C(r) 2 ' * ^Ky) 

(2.24) ^ = - 1 - f (c - a)[(l - c + (a + b - l)r)u(r) Vl (r) 

dr r(l — r) \ 

+ (— a — b + c+(a + b — l)r)ui(r)v(r)] 
+(l-2r)[(c-a)(a + 2b-l)-b 2 )v(r)v l {r)\ 

Note that for the case (a, b, c) = (1/2, 1/2, 1) the above formulas reduce to the classical 
ones ( |EFj . |AVVl| ). 
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3 Monotonicity and bounds 



In studying monotonicity and convexity of modular functions, a useful method is to 
combine rational functions consisting of generalized elliptic integrals whose monotonicity 
properties are known in different ways. In the following lemmas we collect some useful 
properties of such functions, proved in [HVVl 4.21, 4.13, 4.24]. 

3.1. Lemma. For < a, b < min{c, 1} and c < a + b, denote % = % a ,b,c and 
£ = £ a ,b,c- Then the function 

(1) fi(r) = {% — £)/(r 2 3C) is strictly increasing from (0, 1) onto (b/c, 1). In particular, 
we have the sharp inequality, 

b X-E 

c < r 2 % < 

for all r G (0, 1). 

(2) fi{r) = (£ — r' 2 %)/r 2 has positive Maclaurin coefficients and maps (0,1) onto 
(B(a,b)(c-b)/(2c),d), where 

_ B(a, b)B(c, c + 1 - a - b) 
2B(c+l- a,c-b) 

(3) fs{i~) = (r')~ 2 £ has positive Maclaurin coefficients and maps [0, 1) onto [B(a, b)/2, 00). 

(4) f&i r ) = r' 2 % has negative Maclaurin coefficients, except for the constant term, 
and maps [0,1) onto (0,B(a,b)/2]. 

(5) fj{r) = % has positive Maclaurin coefficients and is log- convex from [0,1) onto 
[B(a, b)/2, 00). In fact, (dfdr) (log %) also has positive Maclaurin coefficients. 

(6) /g( r ) = (£ — r' 2 %) I \r 2 %) is strictly decreasing from (0, 1) onto (0, 1 — (b/c)). 

(7) /g(r) = {% — £)/(£— r' 2 %) is strictly increasing from (0,1) onto (b/(c — b), 00). 

3.2. Lemma. (1) ForO < a <c andb = c—a, the function h(r) = r 2 % a>c (r)/ log(l/r') 
is strictly decreasing (respectively, increasing) from (0,1) onto (1, B(a,b)) if a,b G (0,1) 
(respectively, onto (B(a,b),l) , if a,b G (l,oo)^. 

(2) For < a,b < c and 2ab < c < a + b < c + 1/2, the function f(r) = r'%(r) is strictly 
decreasing from [0,1) onto (0, B(a, b)/2]. 

We start with some further monotonicity results for the generalized elliptic integrals, 
proved in |AQVV| for the case c = 1, b = 1 — a. Note that part (1) extends |HVV1 4.38], 
as the condition c < a + (1/2) is not needed. 

3.3. Theorem. For c G (0,1], a G (0, c) and b = c — a, we have that the function 

(1) /i(r) = r3C ajC (r)/arth(r) is strictly decreasing from (0,1) onto (1,5/2). 

(2) f 2 {r) = ((B/2) 2 — (r'3C ajC (r)) 2 )/(£ a)C (r) — r' 2 % a ^ c (r)) is strictly increasing from (0, 1) 
onto {B{c - 2ac + 2a 2 ) /(2a), B 2 [c - aj/2). 

(3) fzij) = r' 2 {% ac {r) — £ a , c ( r ))/( r2 £a,c( r )) is strictly decreasing from (0,1) to (0, (c — 
a)/c). 
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Proof. (1) Clearly /i(0 + ) = B/2. By l'Hopital's rule, Lemma E33 (EH]), (BHD 
and the transformation formula and evaluation at 1 for hypergeometric functions given 
in ( 12.91) . we see that 



A(i- 



(B/2) lim 2(a/c) (c - a)/ 2 F(a + 1, c - a + 1; c + 1; r^) 



B(a/c)(c - a) lim F(a, c - a; c + 1; r 2 ) = 5-(c - a) 



r( c + i) 



r(c-a + l)r(a + l) 
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r(c) 



5— = 1. 



r(c-a)r(o) B 

Next, let Fi(r) = rF(a, c — a;c; r 2 ) and i^r) = arth(r). By differentiation we get 
F>(r) 



F 2 '(r) 



r' F(a, c — a; c, r ) + 2(a/c)(c — a)r F(a, c — a; c + 1; r ) 



E 

n=0 



(a, n) (c — a, n) r 2 ™ (a, n) (c — a, n) r 2(n+1 ) 



(c, n) n! 



E 

n=0 



(c, n) n! 



+2(o/c)(c- o) 



(a, n)(c — a, n) r 2(n+1 ) 



n=0 



(c+ l.n) 



i-E 



n=l 



(a, n — l)(c — a, n — 1) 
(c, n)n! 



[n(l - 2a(c - a)) - (1 - a)(l - c+ a)]r 



2» 



which is strictly decreasing on (0, 1), since 



n(l-2o(c-o))-(l-a)(l-c + a) > 1 - 2a(c - a) - (1 - o)(l - c + o) 

> c- 3a(c- a) > c- |c 2 > \c 2 > 0. 

Then, by l'Hopital's rule the function / is also decreasing. 

(2) Let F(r) = (B/2) 2 - (r'X aiC (r)) 2 and G(r) = £ a , c (r) -r' 2 IK a , c (r). Then, using the 
differentiation formulas (12.181) and (12.201) . we see that 



F'(r) / r 2 X a , c -2(c-a)(Z a , c -r> 2 X a , c ) 
G'(r) a ' c \ar 2 X a , c + (l-c)(^ c -r' 2 X a , c ) 

By Lemma r2.16l we need to show that this ratio is strictly increasing. However, since X afi 
is strictly increasing, and also r i— > r 2 X a>c / (£ a ,c ~ r ' 2 ^a,c) is, by Lemma ETT1 (6). the result 
follows from Proposition 12.171 and the fact that (1 — c) + 2a(c — a) > 0. Also, by Lemma 
ELH6) 



F ~r' 2 X 



lim 

r-»0 r 2 X, 



a. i- _ a 

c ' 



and so we see that 
F(r) 



lim —— = lim X a>c 

r->0+ G(rJ r->0+ 



1 _2(c-a)^£^^ 
(il(l-c)^p^ 

T a . c 



Bc-2ac + 2a 2 
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Furthermore, using the value of £ tt ,c(l) and the fact that limr-a- r '3C a , c = 0, we see that 
lirn^i- F{r)/G{r) = (c - a)B 2 /2. ' 

(3) Follows directly from the fact that /^(r) = 1 — g(r)/E a}C (r), where g is the function 
/ 2 in Lemma [3. 1( 2). □ 

The following result extends part of |AQVV, 5.4]. 

3.4. Lemma. Let 0<a<c<l,B = B(a, b) with b = c — a, and % = % a ,c, £ = 
E a>c . Then the function 

(1) fi(r) = r' p %(r) is decreasing if and only if p > 2^(c — a), in which case r' p %(r) is 
decreasing from (0,1) onto (0,5/2). In particular, \fr'%(r) is decreasing on [0,1). 

(2) /2(?") = r' p £(r) is increasing if and only if p < — (1 — a)(c — a), in which case it is 
increasing from (0,1) onto (5/2, oo). In particular, £(r)/r' 2 is increasing on [0,1). 

Proof. (1) Differentiating we get that 

r{r') 2 ~ p f[{r) = -pr 2 X{r) + 2(c - a)(£(r) - r' 2 %{r)). 

This is non-positive if and only if 

£(r) -r' 2 X(r) a, 
V>-^-a)^ U r2JC(r) U =2-(c-a), 

by Lemma 13.1( 6). Finally, since max{2^(c — a)\0<a<c<l} = 1/2, the function 
\fr'%{r) will be decreasing for all appropriate values of a and c. The limiting value at 
r = is obvious, and the one at r = 1 follows from l'Hopital's Rule and Lemma [3.1( 2). 

(2) Differentiating yields 

rf 2 (r) = -p(r'y- 2 r 2 Z(r) + 2(a - l)r' p {X{r) - £(r)), 
which is non-negative if and only if 

r' 2 (X(r) - £(r)) 1, 
-p > 2(1 - a) sup 1 y 1 )] = -(1 -a)(c- a), 



where the value of the supremum follows from Theorem 13.3( 3). Since sup{|(l — a)(c — 
a) | < a < c < 1} = 2, the function £(r)/r' 2 will be increasing for all appropriate 
values of a and c. The limiting values are obvious. □ 



3.5. Lemma. For < a, b < min{c, 1} and a + b > c, r G (0, 1), we have that the 
function 

(1) fi(r) = (r / ) 2( ^ a+fe_ ^3C aibiC (r) has positive Maclaurin coefficients and is log-convex on 
(0, 1) with range (B(a, b)/2, B(c, a + b - c)/2). 

(2) f2(r) = (r'yia+b-c- 1 ) E a ,b,c( r ) has positive Maclaurin coefficients and is log-convex on 
(0,1) with range (B(a, b)/2, oo). 
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Proof. (1) From (EHD, we have that /i(r) = (B(a, b)/2)F(c - a, c - b; c; r 2 ), so that 
(c — a)(c — b) < c(2c — a — b) if and only if ab < c 2 + c, which is true. Hence the assertion 
follows from |AVV21 Theorem 3.2(1)]. 

(2) From we have that / 2 (r) = (B(a,b)/2)F(c + 1 - a, c - 6;c;r 2 ), so that 

(c+ 1 — a)(c — b) < c(2c + 2 — a — b), if and only if (a — 1)6 < c 2 + c, which is true. Hence 
the assertion follows from [AVV2[ Theorem 3.2(1)]. □ 

We next derive some monotonicity results for functions combined with the Mal- 
function. 



3.6. Theorem. Let < a < c < 1. Then the function 

(1) fi(r) = Ha,c{f) +logr is strictly decreasing from (0, 1] onto [0, R(a, c— a)/2), where 
R(a, c — a) is as in A2.9\) . 

(2) / 2 ( r ) — r r 2 i°gr / i a,c( r ) is strictly increasing from (0,1] onto (1/2, B 2 /2\. 

(3) fo(r) = ^^py/i a , c (r) is strictly increasing from (0, 1) onto (1, (B/2) 2 ]. 

(4) fi{r) = r'fJ, ajC (r) /log(l/r) is strictly increasing from (0,1) onto (l,oo). T/ras i/ie 
function f±(r) = /x a)C (r)/log(l/r) is a/so strictly increasing from (0,1) onto (1, oo). 

/5( r ) = A i a,c(^)arth(r) is strictly increasing from (0, 1) onto (0, (B/2) 2 ). 
(6) f&(f) = A i a, c ( r ) log(r/r') is increasing from [l/y/2, 1) onto [0, (B/2) 2 ). 



Proof. (1) Cle arly /x (l) = 0, and by jAVVll 1.52(2)] it follows that ^(0+) 
R(a, c - a)/ 2. From [HW1 (4.19)] we find that 

„, N 1 B(a,c-afM(r 2 ) 1 / (B(a, c - a)/2) 2 B(a,c - a)M(r 2 ) 
fi( r ) = z 7—7^2 7~, — = " 1 



r 



4rr' 2 X 2 ac (r) r \ (r'X a>c (r)y 



It now suffices to show that this derivative is negative, which is true if, denoting B = 
B(a, c — a), we have 

7 , (B/2) 2 BM(r 2 ) 
{ } (r'0C a , c (r)) 2 

for r e (0, 1). From Lemma [3.4( 1) it follows that g(r) = r"K afi (r) is strictly decreasing 
from [0, 1) onto (0,5/2]. By Theorem 12. 151 we see that A4(r 2 ) gets its smallest value for 
M(0+) = M(l~) = 1/B. Then we see that 

(B/2) 2 BM(r 2 ) ^ D A ,^ 2w ^ D kJt ^.._ 1 



(r'% a , c (r)y 



> BM(r 2 )/r' > BM(0 + )/r' = - > 1. 



The claim follows. 

(2) The function f 2 can be rewritten as 



B r' 2 F(a,c-a;c;r' 2 ) log(l/r' 2 ) 
h(r) = -77 



2 log(l/r 2 ) r 2 F(a, c — a; c;r 2 ) 

By Lemma [3.2( 1) the second fraction is strictly increasing onto (2/5, 2], and the third 
onto (1/2,5/2], so the claim follows. 
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(3) The function can be rewritten as 



B r'F(a,c — a;c;r' 2 ) arth(r) 
fair) = — 



2) 



2 arth(r') rF(a, c — a;c;r 

Then, in the same way as in part (2), the claim follows from Theorem 13.3( 1). 
(4) Clearly 

r'F(a,c — a;c;r' 2 ) r' 2 F(a,c — a;c;r' 2 ) 1 

U{r) - 



log(l/r)F(a, c — a; c; r 2 ) log(l/r) r'F(a,c — a;c;r 2 ) 

By Lemma 13.2( 1) and part (2) it is then the product of two increasing functions. The 
limiting values also follow immediately. As r 1— > r' is decreasing, lim r ^ + r' = 1 and 
lirrv^i- r' = 0, the statements for / 4 also follow. 

(5) We see that 

B arth(r) , 
J5K ' 2 rX(r) y 1 

Then it is a product of two increasing functions, by Theorem 13.3( 1) and Lemma [3.2( 2). 
Hence, / is increasing itself. The limiting values are obvious. 

(6) The value fe(l/\/2) = is obvious, while the limit as r — > 1 follows from (4) and 
the symmetry property // a , c (r)/i aiC (r') = (B/2) 2 . Next, f%{j-) = (l/2)f2(r)g(r), where 

\r'/ iogr \r J 

Hence, by (2) it suffices to prove that g(r) is increasing on [l/v2, 1). Put t = (r/r') 2 , so 
that 

t logt t+1 

fort e [l,oo). Clearly logt/ log(t+l) is increasing on [1/^,1). Let h(t) = t log((t+l)/t). 
Then h'(t) = log((t + l)/t) - l/(t + 1) and h"(t) = — l/(t(t + l) 2 ) < 0, so that ti(t) is 
decreasing. Since lim^oo h'(t) = 0, we get h'(t) > on [1, 00) and thus h(t) is increasing 
on [1, 00). □ 

For a quotient of hypergeometric functions with different parameters we obtain the 
following results. 

3.8. Theorem. Let a, b, c, a', b', d be positive constants, satisfying the conditions 
a' > a,b f > b, and d < c, with at least one inequality being strict, and let max{a', b'} < d . 
Then the junction fir) := F(a',b';c';r)/F(a,b;c;r) is strictly increasing on [0,1) onto 
[1, Li), where 

_ B(c',d -a' -V)B(c-a,c-b) 
~ B(c, c-a- b)B{d -a',d- b') 

in case a' + b' < d , and L = 00 in case a' + b' > d . 
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Proof. First, /(0) = 1 is obvious. Next, let T n denote the n:th coefficient-quotient, 
that is T n = a n /b n , where a n and b n are the n:th Maclaurin coefficients of F(a', b'; d; r) 
and F(a, 6; c; r), respectively. Then 

(a',7l)(&',n)(c,7l) 



(a, n)(6, n)(c', n) 



so that T n+ i/T n = (a' + n){b' + n)(c + n)/[(a + n)(b + n)(d + n)] > 1. Hence the assertion 
on monotonicity follows from |HVVt Theorem 4.3]. 

Now assume that a' + b' < d. Then a + b < a' + b' < d < c, so by (12.91) the assertion 
for L follows. 

Next, let a' + b' > d, and a + b > c. Then (a' + b' — d) — (a + b — c) = p > 0. Hence, 
by (Q, we get 

/(r) = (1 - r) ^^3^7T' 

so that f(l~) = oo. 

Next, if a' + b' > d and a + b = c, then a' + b' - c' > a + b - c = 0, so by fl2~UD it 
follows that L = oo. 

Finally, let a + 6 < c, but a' + b' > d . Again, from (12. 9j) it follows that L = oo. □ 



3.9. Corollary. With notation for contiguous hypergeometric functions as in [RJ 
p. 50], let a,b,c be positive constants, and let f = F(a+)/F, g = F{b+)/F and h = 
F/F(c+). Then f,g and h are all increasing on [0,1), with /(0) = g(0) = h(0) = 1. 
Furthermore, 

(1) f(l~) = (c — a — l)/(c — a — b — 1) ifa + b+ l<c and = oo otherwise. 

(2) g(l~) = (c — b — l)/(c — a — b — 1) z/a + 6+ l<c and = oo otherwise. 

(3) h(l~) = (c — a)(c — 6)/[c(c — a — 6)] if a + b < c and = oo otherwise. 



The particular case < a < c < 1, b = c — a requires that we have some knowledge 
about the Legendre .M-function, a phenomenon which does not show in the case c — 1, as 
then A4(a,c — a, c, r) = M. (a, 1 — a, 1, r) is constant by (12.131) . In the following theorems 
we derive some more useful properties of the .M-function. 

3.10. Theorem. Denote f(r) = (r(l — r)) a+b ~ c M.(a, b, c, r). T/ien the following 
hold for positive a, b, c with a < c, b < c and r e (0, 1). 

(1) If a + b > c, then the function f(r) is bounded. 

(2) If a = c or b = c, then the function f(r) is the constant b or a, respectively. 

(3) If a + b + 1 = 2c, then f{r) = d, a constant, that is, M.(r) = d{r{l — r)) 1_c , where 
d = r (a)p(6) ■ I n particular, M. (r) is constant if and only if c = 1 . 

Proof. (1) By [HWl 3.17(7)] we know that the limit of / at r = is (a + b - 
c)B(c, a + b — c)/B(a, b). By symmetry of /, it is also the limit at r = 1. Therefore / is 
bounded if a + b > c. 

(2) Assume that c = a. By (12.111) we see that 

f(r) = b(r(l — r)) b v(a, b, a, r)vi(a, b, a, r). 



12 



By |ASl 15.1.8] we have that F(a, b; a, r) = F(b, a; a; r) = (1 — r) b . Thus 

f(r) = b (r(l - r)) h (1 - r)~ 6 r~ 6 = b, 

which proves the statement. Since the parameters a and b are interchangeable in hyper- 
geometric functions, the proof is the same in the case c = b. 
(3) Let N(r) = M(r)/(r(l - r)). Then, by (12TTD1) 

N(r) = Vi(r)v'(r) — v(r)v[(r), 

and 

N'(r) = Vi(r)v"(r) — v(r)v"(r). 
As v satisfies the hypergeometric differential equation (see [Rj (3), p. 54]), we have 

r(l — r)v"(r) + c(l — 2r)f'(r) — abv(r) = 0. 

Now, = —v'(l — r) and v"(r) = v"(l — r). Hence, 

r(l — r)f^'(r) + c(l — 2r)v[(r) — abvi(r) = 0, 



and thus 
Hence 



r(l - r)N'(r) + c(l - 2r)A^(r) = 0. 

4- [(r(l - r)) c AT(r)] = = 4 - r^Mir)] 
dr dr 



so that A4(r) = d (r(l — r)) 1 c , where d is a constant. 

We now show that d = T(c) 2 /(T(a)r(b)). Taking the limit as r — > + , we have 
d = f(0 + ). Case (i): c = 1, so that b = 1 - a. Then by (l2~9l) 



/(r) = r(l — r)vi(r)v'(r) + a(l — a)(l — r)u(r)u (1 — a, a; 2; 1 — r), 

so that 

r(2)r(i) i 



d = a(l — a)f (1 — a, a; 2; 1) = a(l — a) 



r(l + a)r(2-a) T(a)r(l-a) 



as required. Note that in this case d = sin(7ra)/7r. 

Case (ii): < c < 1. In this case we have 0<a + b<c<l. Then 

/(r) = (r(l-r)) c (vi(r)v\r) + (ab/c)v{r)v(a + l,b + V,c+l-,l-r)) 

= (r(l — r)) c [vi(r)v'(r) + (ab/c)r~ c v(r)v(c — a, c — b; c + 1; 1 — r)\ 

so that 

r(c + i)r(c) r( c ) 



/(0+) = + (ab/c)v{c - a, c - 6 : c + 1; 1) = (afe/c) 



r(o + i)r(6 + i) r(a)r(6) 

Case ('mj: c > 1. This is similar to case (ii). □ 

The following corollary is a direct consequence of Theorem 13.10( 3) and the formulas 
( 12T22|) and (12^23]) . 
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3.11. Corollary. Let fi = \i a ,b,c and let s = ip a ^' ,c (r). If a, b, c are positive with a < c 
and b < c, r £ (0, 1) and a + b+ 1 = 2c, then we have the following generalized derivative 
formulas. 

(1) 

d\i D 

~cfr ~ ~ r 2c - x r> 2c X(r) 21 

w here D - ( r (») r W r ( c )) 2 
wnere u — 4r(a+b) 3 • 

(2) 

ds 1 /S\2c-1 f S '\ 2C (X( S ) 



dr K \r/ \r' J \X(r 



3.12. Theorem. Let < a < c < 1, b — c — a and A4(r) — Ji4(a, c — a, c, r). Then 

(1) The inequality 

M(r 2 ) - 2r 2 M'(r 2 ) >(c-a)a>0 

holds for all r £ [0, 1]. In particular the function f(r) = r/A4(r 2 ) — a(c — a)r is increasing 
from [0, 1] onto [0, B — a(c — a)}. 

(2) The function g(r) = f(r f ) is decreasing from [0, 1] onto [0, B — a(c — a)]. 

Proof. (1) First, if c = 1, then A4(r 2 ) is a positive constant, hence the assertion is 
trivial. We then assume that < c < 1. In this case, (a + b — l)(c — b) = (c — l)a < 0, 
so by Theorem \XTBM'{r 2 ) > for r £ (0, l/y/2) and < for r £ (l/y/2, 1). Let 

F 1 = F{c;r' 2 )F{c+;r 2 ) and F 2 = F{c; r 2 )F{c+; r' 2 ), 

where the parameter triple of F is (a, c — a;c). Then we see that both F\ and F 2 are 
nonnegative, and in fact > 1. As in |KVj (11) and (27), we see that 

M{r 2 ) = {c-a)- c (r 2 F l +r' 2 F 2 ^j and M'(r 2 ) = (c - a)^(l - c) (f x - F 2 ) . 

Now Ai'(r 2 ) is negative in (l/y^, 1), so from the equation above we see that in this 
interval Fx — F 2 is also negative. Then 

Mr 2 T^-rTr^ = M(r 2 ) - 2r 2 M' (r 2 ) = (c-a)-(r 2 Fx + r> 2 F 2 - 2(1 -c)r 2 (F l -F 2 )) 
dr Ai(r z ) c\ J 

c V / c c 

In the case r £ (0, and c > 1/2 both F x - F 2 and (2c - 1) are nonnegative. Then 

we see that 

M(r 2 ) -2r 2 M'(r 2 ) = (c - a)^(r 2 Fx + r' 2 F 2 - 2(1 - c)r 2 (Fx ~ F 2 )^j 

= ( c -a)- c {F 2 + (2c-l)(Fx-F 2 )r 2 ]) 

> (c- a)-F 2 >(c- a)-. 

c c 
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For c < 1/2 the expression (2c — 1) is non-positive. Thus, using (I2.9p . and the inequality 
rF(a, c— a; c;r' 2 ) < 1 which follows from Lemma [3.2( 2). we get 

( c _ a )^ (r 2 (2c - 1)F X + (1 - r 2 (2c - 1))F 2 ) 

> ( c _ a )^( 2c -l)^^I r + l- r 2( 2c -l)) 

c V (c — a)a B J 

. _.l 9 a(c — a)(l — 2c) (c — a) a 

> (2c- 1)— r + r 2 — - - + - 

B c c 

Finally, using the inequality 1/B(a,b) < 2ab/(a + b) (see |AVV1[ 1.50]) together with the 
fact that r(l — r) < 1/4, we obtain 

* ^*(l-2(l-2c)r + (l-2c>*) 



(^2c + (1 - 2c) (1 - r) 2 ) > ^ c ^ a 2c = 2a(c - a). 

This proves the statement. 

Part (2) follows directly from the equality Ai(x) = A4(l — x) by interchanging x with 
x' in part (1). □ 



(c 


— a / 


a 




c 




(c 


-a] 


a 




c 






-a] 


a 


c 



4 Functional inequalities and linearization 



In this section we generalize the functional inequalities for the modular function tp a K {r) 



proved in AQVV| to hold also for the generalized modular function Lp°£ ' c (r) in the case 



i. We start by a generalization of the results in |AQ VV , 6.2]. 



4.1. Lemma. Let a < c < 1, K E (l,oo), r £ (0,1), and let s = (f^ir) and 



r ) . Then the function 

s/r is decreasing from (0,1) onto (l,oo) ; 
s'/r' is decreasing from (0, 1) onto (0, 1), 
X(s)/X(r) is increasing from (0,1) onto (1,K), 
X'(s)/X'(r) is increasing from (0,1) onto (1/K,1), 



t = Vy K { 

(1) fi{r) 

(2) / 2 (r) 

(3) h{r) 

(4) U(r) 

(5) / 5 (r) = s'X a 

(6) Mr) = sX' a> 

(7) gi(r) = t/r is increasing from (0, 1) onto (0, 1), 

(8) g2^r) = t' jr' is increasing from (0, 1) onto (1, oo), 

(9) gz{r) = X(t)/X(r) is decreasing from (0,1) onto (1/K,1), 

(10) g^ir) = X'(t)/X'(r) is decreasing from (0,1) onto (1,K), 

(11) gs(r) = t'X a)C (t) 2 / {r'X a ^{r) 2 ) is increasing from (0,1) onto (l,oo) 

(12) ge(r) = tX' ac {t) 2 / {rX' ac {r) 2 ) is increasing from (0,1) onto (0,1). 



2 / 1 [r'X a ^{r) 2 ) is decreasing from (0,1) onto (0,1), 
2 / (rX' a c (r) 2 ) is decreasing from (0,1) onto (l,oo) ; 
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Proof. (1) Differentiating we see that 



if and only if 
(4.2) 



ss' 2 X(s)X'(s)M(r 2 ) 
JlV ' rr' 2 X{r)X'{r)M{s 2 ) 



s' 2 X(s)X'(s)_ r' 2 X(r)X'(r) 



M(s 2 



As /i a , c (s) = [J, a>c (r)/K, we see that s > r for all r e (0,1), and thus (14. 2 p holds if 
x t— > x' 2 X(x)X'(x)/Ai(x 2 ) is decreasing, which is true by Theorem 13.12( 2) and Lemma 
13.2( 2). The limiting value at 1 is clear. For the limiting value at we see that since 
s/r = (s/r^Xl/r 1 - 1 /^), we get 

log(s/r) = (1 - l/iT)log(l/r) + (logs- (1/K) log r) 

= (1 - 1/K) log(l/r) + ((fi(s) + logs) - (1/K)(jj,r + logr)), 

which by Theorem 13.6( 1) tends to oo. 
(3) Differentiating we have that 



X a , c (ryf[(r) = 2(c-a) 



Xnrir 



£o,c(s) - s' 2 X a , c (s) ds 



ss 

2\ rnr' 



I 2 



dr 



— X n 



ZaAr)-r' 2 X a Jr) 



I 2 



2(c - a)X a , c (s)M (r 2 
rr' 2 X' a)C (r) 

X>(r)(ZaAr)-r ,2 X a Ar)) 



x'(s)(e-aAs)-s' 2 x a As)) 



M(s 2 



M{r 2 ) 

Then, since by Theorem 14.41 r < r x l K < s, it suffices to show that 

X' atC (x)(e. a , c (x) - x' 2 X a , c (x)) x 2 X' a Ax) £ a , c (x) - x' 2 X a>c (x) 



M(x 2 ) M(x 2 ) 

is increasing. But this follows from Theorem 13.12( 1) together with parts (2) and (9) of 
Theorem 13.2( 2). The limiting values are clear. 

(5) Differentiating, we see that /^(r) is negative if and only if the function 



F(x) 



x X. ac {x)X. ac {x) 
M(x 2 ) 



1 - 4(c - a 



X 3Cflr /*{ 3j ) 



is increasing. But this follows from Lemma [3. 11 (6) together with I3.12T 3). The limiting 
values follow from the limiting values in parts (2) and (3), as 



s'X(s) 2 ,. s' X(s) 
hm — - = hm — • hm — — ■ 

r^or'X(r) 2 Mr' r^o X(r) 



and 



lim 



s'X(s) 



lim — • lim 



X{s) 



r-*i r'X(r) 2 r-*i r' r-*i X(r) 2 
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1-1 = 1. 



• K 2 = 0. 



As f 2 (r) = l//i(sO, U(r) = l/f 3 (s') and / 6 (r) = l// 5 (s'), Parts (2), (4) and (6) 
follow. The parts (7)-(12) follow from (l)-(6), as #(r) = l// f (i) for i = 1,2,3,4,5,6. □ 

We continue by proving some functional inequalities for the function /z ajC . 

4.3. Theorem. Let < a < c < 1. Then, denoting f(r) = /i a ,c(^) = M r )> ^ e 
function g\{r) = (1 — r)/'(r) increasing, and the function #2(7) = ff'(r) is decreasing. 
In particular, the inequalities 

Ha,c (1 ~ VI 1 ~ U )( l ~ t)J < g <^a,cW ut ) 

hold for all u,t G (0, 1) mf/i equality if and only if u = t. 
Proof. We first see that for the function <7i(r) 

5 3 .M(r 2 ) 1 
-9i{r) - ~ A - (i +r )x{r) 2 ' 

Clearly this is decreasing by Theorem 13. 12( 1) . so that gi(r) is increasing. Also 

B 3 M(r 2 ) 1 



-92{r) 



4 r' r'3C(r) 2 ' 



which is increasing by Theorems 13.12( 2) and 13.4( 1). so that g2{r) is decreasing. These 
monotone properties imply that that the function /(l — e~*) is convex on (0, 00) and that 
the function f(e~ l ) is concave on (0, 00), and so the asserted inequalities follow. □ 

4.4. Theorem. For each < a < c < 1 and K > 1, the function f (r) = ip a j^{r)/r l / K 
is strictly decreasing from (0,1] onto [1, e^ 1 ^^ 1 ^ K ^ R( - a ' c ~ a ^ 2 ). In particular, 

r 1/K < y?^ c (r) < e ( 1 -(V^))«(«^-a)/2 r i/K_ 

Also, the function g (r) = (p®'? K (r)/r K is strictly increasing from (0, 1] onto ( e ( 1 - K ) R ( a > c - a )/ 2 ^ 
In particular 

r K > V a J K {r) > e ^K)Ria, C -a)/2 r K 

Proof. If s = ip a £{r), then /i 0)C (s) = fi a)C ( r )/K, and s > r, for all r G (0,1) and 
K > 1. Differentiating we get 

f(r) 1 /Ys'3C(s)V A4(r 2 ) 



/(r) A> Ur'^r) / M(s 2 ) 

This derivative is negative if and only if (s' 2 X(s) 2 )/M(s 2 ) < (r' 2 %(r) 2 )/M(r 2 ), that 
is, if the function x t— > (x' 2 %(x) 2 )/A4(x 2 ) is decreasing. This, however, follows from 
Theorems 13.12( 1) and 13.4( 1). as 

M(x 2 ) M(x 2 ) 
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Then / is indeed strictly decreasing. By Theorem 13.6( 1) 

\og{s/r l ' K ) = [//(s) + log(s)] - (1/KMr) + log(r)] 

tends to (1 — (l/K))R(a,c — a)/2, as r — ► 0. The proof for the function g follows the 
same pattern. □ 

4.5. Remark. We observe that in Theorem 14.41 for a = 1/2, and c = 1, the coeffi- 
cient in the upper bound reduces to the classical constant 4}~^^ K ^ |LVj . 

4.6. Theorem. Let < a < c < 1 and K G (1, oo). Then the function 

(1) the function fi(r) = log^^r')) is decreasing and concave on (0, 1). In particular 



and 

for all u,t G (0, 1), wi/i equality if and only if u = t. 

(2) The function f'2{r) = log(^(r' 2 )) is decreasing and concave on (0, 1). In particular 



PK{u' 2 )<fK{t' 2 )<<PK I 1 

and 



K + t 



2 N 2 



(w)^(t) < (l - >/(! - « 2 )(! - * 2 )) • 



/or all u,t G (0, 1), wii/i equality if and only if u = t. 

(3) The function /a(r) = log(^(l — e~ r )) is increasing and concave on (0, oo). In 
particular 

V?x(l - w)^(l - t) < (p K iX ~ Vut) 2 , 
and 2 

<p K (u)<p K (t) <<p K (l- VCl-^Cl-t)) . 

/or u,t E (0, 1), u>it/i equality if and only ifu — t. 



Proof. (1) Denote t = <fi/K( r )- Then we see that <fK{r') — a/1 — fi/K( r ) 



2 



VT^¥ = t'. Now 

d(t') tt' 2 X(t)X'(t)M(r 2 ) ( t\ t't 2 X(t)X'(t)M(r 2 ) 1 t't 2 X'(t) 2 M(r 2 



dr ' rr' 2 X{r)X'{r)M{t 2 ) \ if J rr' 2 X{r)X\r)M{t 2 ) K rr' 2 X'(r) 2 M(t 2 ) 
Thus 

dfx ld(t') l(tX\t) 2 \( t \(M(r 2 



dr f dr K \rX'{r) 2 J \M(t 2 ) J \ r' 2 >' 
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where each of the bracketed functions is positive and increasing, by Theorems 14.1( 12) and 
13.121 Thus dfi/dr is negative and decreasing, and f\ is decreasing and concave. Then the 
convexity inequality f((x + y)/2) > (f(x) + f(y))/2 directly yields the first inequality. 
The rewritten inequality follows from change of variables. 

(2) Again, let t = <^!/^-(r), and u(r) = \/2r 2 — r 4 . The function u{r) is easily shown 
to be increasing in (0, 1). Now 

dfo t\u)t(u) 2 X(t(u))X\t(u))M(u 2 ) _L_ 
~dr~ ~ u'u 2 X{u)X\u)M{t(u) 2 ) ( ~ T '' V(uj 

_l_ ( t{u)X'{t{u)) 2 \ f t(u) \ ( M{u 2 ) \ ( 2r \ 
K\ uX\u) 2 )\M{t{u) 2 ))\ u> J W2r 2 -rV ' 

Also here all the bracketed functions are positive and increasing, and thus df2/dr is 
negative and decreasing, and f\ is decreasing and concave. The rest of the statement is 
proved as in (1). 

(3) With x — 1 — e~ r and s = (Pk(%) we have 

fl_-x\ fsXis) 2 ^ ( M{x 2 ) \ ( a \ 
HK ' \ Kx ) \xX{x) 2 ) V x' ) \M{s 2 ) ) ' 

which is decreasing by Theorem 14.1( 6). The rest of the statement is proved as in the 
previous cases. □ 



4.7. Theorem. Let p : (0,1) — ► (— oo, oo) and q : (—00,00) — > (0,1) be given by 
p(x) = 21og(x/x') and q(x) = p^(x) = a/ e x / (e x + 1), respectively, and for a G (0,1), 
c G (a, 1], K G (1, oo), let g, h : (—00, 00) — > (—00, 00) be defined by g(x) = p(if^ c (q(x))) 
and h(x) = p((fi? K (q(x))) . Then 

, N . f Kx , if x > , , , . . f |r , if x > 



■fr , if x < I ) if x < 0. 



Proof. First, if x > 0, then 



g(x) > fTx -v^ y?^ c (g(x)) > q{Kx) 



1 



e x + 1 




This will be true if /(i^) = K ^(ye^/ (e^ x + 1) is increasing on [1, 00). 

Now, setting r = ^e Kx /(e Kx + 1), we have r 2 = e Xx /(e X:c + l), andr' 2 = l/(e^ + l). 
Then /(X) = (2/x)/ 6 (r), where /6 is as in Theorem 13.6( 6). and thus increasing, as r(K) 
is increasing as a function of K. 
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Let still x > 0. Then 



g{-x)>-x/K & <p%iJ—— > 




-x/K 



+ 1 j - V e~ x / K + 1 

x/K _|_ ]_ 




^ Mo,c 7== < 



Ve^+l/ ' \y/e x l K + 1 

This is true if F(K) = Kn a>c (l/Ve*/ K + 1) is increasing on [1, oo). Let t = 1/ V e x / K + 1 . 
Then t G (0, 1/^2) and t 2 = l/(e x ' K + 1), t' 2 = e x l K j(e x l K + 1), x = 2K\og(t'/t). Now 
/(-K") = (B 2 /8)(x/ fe(t')), where fa is as in Theorem 13.6( 6). and thus increasing, as t'(K) 
is decreasing as a function of K. Finally, the proof of h(x) is similar. □ 



5 Dependence on c 

In this section we study how the functions // a)C , //~* and <y9^ c depend on the parameter c. 
corresponding results for the case c = 1 can be found in the articles |AQVV| and |QV1| . 

5.1. Notation. For < a < c and t > we denote 

P(a, c, t) = *(c - a + 1) - *(c + t) , 

A = A t = A{a, c, t) = (C " Q : t} = ^ C ~ a +; )F(C | , 
v ' ' ; (c,t) r(c + t)r(c-a) ' 

A = A t = A(a,c,t) = (a,t)A t , 

and 

B — B t — B(a, c, t) = P(a, c, t) - P(a, c, 0) . 



5.2. Lemma. Let f,g, and h be real valued functions defined on [0, oo) such that f 
is strictly increasing, f is strictly decreasing, < g{x) < h(x), and g\x) > h'(x) > for 
all x E [0, oo). Let F(x) = f(g(x)) - f(h(x)). Then 

(1) F is strictly increasing on [0, oo). 

In particular, with notation as in I5.1|, the function B is strictly increasing in t, so 
that B(a, c,t) > with equality if and only ift — 0. 

(2) dA/dc = AB. 

Proof. (1) By the assumptions, 

F'(x) = f{g{x))g'{x)-f{h{x))h'{x) 

> f'(g(x))g'(x)-f'(g(x))g'(x) = 0. 
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We now take f — ^, g(x) = c — a + x, and h(x) = c + x. Then by the above, F(x) = 
\I/(c — a + x) — ^(c + x) is strictly increasing on [0, oo) so that F(x) — F(0) > with 
equality if and only if x — 0. By the definition of B, this means that B(a, c,t) > with 
equality if and only if t — 0. 

(2) By logarithmic differentiation we get 

dA/dc T'(c -a + t) _ T'(c + t) f V'jc - a) _ T'(c) \ 

A ~ T(c~a + t) ~ T(c + t) ~ \ T(c-a) ~ T(c) ) 

= *(c- a + t) -*(c + t) - (*(c- a) -*(c)) 

= P(a,c,t) - P(a,c,0) 

= B(a,c,t). □ 



5.3. Theorem. For a > and x, y G (0, 1), i/ie function f defined on (a, oo) fry 

. . . . -T ^a, c a, c, xj 

/(c) = E(a ' C - a) F(a,c-a;c;,) 

zs strictly decreasing from (a, oo) onto (0, oo). 

Proof. First, since 

1 < F(a, c — a; c; x) < 1 + - — -F(a, 1; 1; x), 

c 

it follows that F(o; c — a; c; x) — > 1 as c — > a + . Hence 

f(a+) = lim .B(a, c — a) = lim T(c — a) = oo . 

c— >a+ c— »a+ 

Next, we note that for n > 1, c i— > (c — a, n)/(c, n) is increasing by |AVVll 1.58(32)] 
with limit 1 as c — > oo. Hence, using |AVVH 1.20 (1)], we get 

(5.3) F(a, c - a; c; r) < F(a, 1; 1; r) = (1 - r)~ a . 

Now let F(c, r) = F(a, c — a; c; r), /i(r) = (1 — r)~ a and 

A (a,k)(c- a,k)r k -A r fc 

^n(c,r) = ^ — and hjr) = }_^(a, k)-. 

Then let r G (0, 1) and e > 0. Now let m be such that /i(r) — h m (r) < e for all 
m > mo. Then there exists a Co such that when c > Co and all < m < mo we have 
(c — a,m)/ (c, m) > 1 — e. Thus, for c > Co and p = m we have 

x „ , (a, n)(c — a,n) r n . ,r n 

= (l-e)/i„(r)> (l-e)(/i(r)-e). 
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From this and (15.31) we see that F(a, c — a; c; r) — > (1 — r)~ a as c — > oo. Applying for 
2 = x, y as c — > oo, we see that F(a, c — a; c, x)/F(a, c — a; c;y) — > ((1 — x)/(l — y))~ a , 
which is finite. As c — > oo, by Stirling's formula [WWl 12.33], 

B(a,c- a) r(c-.) ^ _ ay-^A /_e_y ^ = Q 



r(a) T(c) \V c/ / \c — a 

Hence /(c) — > 0, as c — > oo. 

Logarithmic differentiation together with the Notation 15.11 and Lemma 15.21 (2) yield 

f'(c) 1 d /„. ,F(a,c — a:c:x 

'B(a,c-a^ 



/(c) /(c) 9c \ F(a,c-a;c;y) 

1 / / (9 r(a)T(c — a) \ F(a, c — a; c; x) 



/(c) VV<9c T(c) / F(a, c - a; c; y) 
^r(a)T(c — a) 9 F(a, c — a; c; x) 



T(c) dc F(a, c — a; c;y) 
1 / r'(c — a)r(a)r(c) — r'(c)r(a)r(c — a) F(a, c — a; c; x) 



/(c) V T(c) 2 F(a, c - a; c; y) 

r(a)r(c-a) 1 f f d „. A _, 

— F(a, c — a; c; x) F (a, c — a; c; y) 



T(c) F(a, c — a; c; y) 2 \ \dc 

d \ 

F(a, c — a; c; y) F(a, c — a; c; x) 



dc 

r'( c - a)r(a)r(c) - r'(c)r(q)r(c - a) r( c ) 

ficj' 2 T(a)T(c-a) 

1 / \ f 1 / \ y™ 

F(a, c — a; c; x) ^ \dc / n\ F(a, c — a; c;y) ^^ydc n J n\ 



n=0 

1 oo „ 

1 a t> y 



*(c - a) - (c) + — V i n 5 n - 

F(a, c — a; c; x) ^ n 

oo 



F(a,c- a;c;y) ^ n! 
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It follows that 

1 



^( c ) = ~^T~ r-F(a,c- a;c;y) 2 f'(c) 

B{a, c — a) 

F(a, c — a;c; y)F(a, c — a; c; x)(\I/(c — a) — ^(c)) 

,1-1/ \ \ A n B n . . v-^ A- n B n 
+F(a, c-a;c;y) > — x - F(a, c - a; c; x) > 1— y 

n=0 n=0 

z — ' z — ' n!m! 

n=0 m=0 

OO OO 7 7 ^ OO OO 7 7 ^> 

_|_ A n A mB m ^ n _ A n A m B m m^n 

' ' n!m! ^— ' ' n!m! 

n=0 m=0 ra=0 m=0 

OO OO 7 7 
/1 T) l 1 



n!m 

n=0 m=0 



where 

G m , n (a,c,r) = (*(c-a)-*(c))j/' MB + S Tri j/ n - m -S m x n - Tn 
= y n - m {m{c-a + m)-m{c + m))-B m x n - m . 

Since ^ is strictly increasing, we have \I/(c — a + wi) — \l/(c + m) < and by Lemma 15.21 
(1), B m > 0. Hence G mjn (a, c, r) < 0. It follows that /i(c) < and as B(a,c — a) = 
T(a)T(c - a)/r(c) > for < a < c, we get that f'(c) < for c E (a, oo). □ 

5.4. Corollary. For a > and r G (0,1) £/ie function /(c) defined on (a, oo) 6?/ 

/(c) = /i a , c (^) strictly decreasing from (a, oo) onto (0, oo) wi/i /(l) = // a (r) if a < 1. 



5.5. Lemma. Let 2 = f(x,y) = f x (y) = fy{x) be continuously differentiable for 
x and y in some real intervals. Suppose that (df /dx)(df /dy) > 0. Let y = f^ 1 {z) = 
g(x,z). Then 

dy dq 

— = — < 0. 

dx dx 

Proof. By implicit differentiation partial to x, we get 

o = ®L + ^L^i 

dx dy dx 

Hence 

dq df/dx ,_, 

— = — < . □ 

dx df/dy 
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5.6. Theorem. Let a,x > be fixed. Then the function 

zs strictly decreasing from (a, oo) onto (0, 1) o(l) = /U Q ^ 1 (a;) if a < 1. 

Proof. Denote r = = h(c,x). Then x = /U ajC (r) = /(c, r). Now df/dr < 

and by Corollary 15.41 <9 / / <9c < 0, so that dg/dc < and the monotonicity of g follows 
from Lemma [5.51 

Since fi aA = /i a , we get 

z = //oC^r 1 ^)) = /viO^ 1 ^)) 

so that 

We claim that lim^oo h(c, x) = 0. Assume on the contrary that lirn c _ i . 00 h{c, x) = 
r > 0. Then h(c,x) > r for all c G (a, oo). Hence 

X = fl a ,c(h(c, x)) < flaA r o) ■ 

Letting c — > oo, Corollary 15.41 implies that x < 0, which is a contradiction. 

It remains to show that h(a+,x) = 1. Suppose that h(a+,x) = r G (0,1). Then 
h(c, x) < r for all c G (a, oo). Hence 

Letting c — > a+, we get, by Theorem I5.4[ that x = oo which is a contradiction. Thus 
/i(a+,x) = l. □ 

5.7. Theorem. Lei a, r G (0, 1) and K G (1, oo) be fixed. Then the function 
is strictly decreasing from (a, 1] onto [Pk( t )i -0 anc ^ ^ e function 

zs strictly increasing from (a, 1] onto (0, ^l/jrO")]- 

Proof. It is obvious (see [HVV1 Remark 4.12]) that we have ip^f = jl~ l c {jl atC {r) / K) , 
where 

F(a, c — a;c, r' 2 ) 

f J 'a,c{ r ) = 5~ ■ 

r (a, c — a; c; 

Denote s = ^> a ^{r) an d 

Q(a, c, r) = F(a, c — a; c; r 2 ) . 
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By definition, 

Q(a,c,s') 1 Q(a,c } r') 



(5.8) 



Q(a,c,s) K Q(a,c,r) 
We apply logarithmic differentiation with respect to c to (15. 8p and get 

I fdQ(a,c,s') dQ(a,c, s') s ds\ I f dQ(a,c, s) dQ(a,c, s) ds 



Q(a, c, s') \ dc ds' s' dc J Q(a, c, s) \ dc ds dc 

1 dQ(a,c,r') 1 dQ(a,c,r) 

Q(a,c,r') dc Q(a,c,r) dc 

which is equivalent to 

fdQ(a,c,s')s 1 1 dQ(a,c, s)\ ds 

( 5 - 9 ) — 3 7v: I „a + 



9s' s' Q(a, c, s') Q(a, c, s) 9s / dc 
= (Qi(a, c, s') - Qi{a, c, r')) + {Qi(a, c, r) - Q x (a, c, s)), 

where 

1 dQ(a,c,x) 

Q 1 (a,c,x) - 



Q(a,c,x) dc 

Then for < a < c < 1 we get that 

dQ(a,c,x) 2a(c — a) _ r%/ | 1 



9a; 



x F(a + 1, c - a + 1; c + 1; ar) > 



for all x G (0, 1). Hence the coefficient of ds/dc in (I5.9P is positive. We turn our attention 
to the right hand side of (15.91) . By Lemma I5~2l (2) we have that 

Z^n=0 n! ' ^n=0 ^™ 

where a n = A n B n /n\ and /? n = A n /nl. Then 

= B n = *(c) - *(c - a) - (*(c + n) - *(c - a + n)) , 

Pn 

where, by (JXIj) . 



-Nf(c + n) -^(c-a + n)) = — 

r 4- n < J 



CO 

c + n 



c + n ^^k(k + c + n) 



1 oo 

— + E 

n 4- n ' « 



c — a + n 



c — a + n f— ' A; (A; + c — a + n) 

k=l ' 



(c + n)(c — a + n) ^ (A: + c + n) (A; + c — a + n) 

oo 



(k + c + n) (k + c — a + n) 

k=0 
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which is clearly increasing in n. Hence a n //3 n is increasing in n and [HVV1 Theorem 4.4] 
implies that Qi(a, c, x) is strictly increasing in x. Since K > 1, it is immediate that s > r 
and r' > s' and it follows that the right hand side of (15. 9ft is negative. Hence ds/dc < 0, 
which proves the first monotonicity claim. On the other hand, if s — ^"^(r), then s < r 
and r' < s' and the right hand side of ( 15.91) together with ds/dc are positive and the 
second monotonicity claim follows. 

It remains to consider the ranges of the functions. The values at c = 1 follow from 
the fact that for all k > 0, 

(5.10) ft 1 (r) = <fi(r). 

To show that (15.101) holds, we write 



2 sm(7ra) 2 sm(7ra) 

and put t = £t a ,i(r)/k to get 

*(/£(/Ur)/*)) = = A*a(0/* 

which implies ( 15.101) . 

To conclude the proof we need to show that as c — > a+, ^ c (r) 1 and ^Jxij) \ 0. 
We prove the first fact and note that the proof of the second one is similar. Let L = 
(p a j^ + {r). Assume that L < 1. By the monotonicity in c, it follows that (p^ir) < L for 
all c G (a, 1]. Hence ji a>c (L) < p, atC (r)/K, so that 

^4^<i/^. 

/Vc( r ) 

Letting c — ► a+, we get 1/K > 1, which is a contradiction, since K > 1. Hence L = 1. 
□ 



5.11. Theorem. For a, r G (0, 1), /et / and g 6e functions defined on (a, oo) fry 

(1) f(c) = X^-{B/2), 

(2) g(c) = (B/2) — £ ajC , where B = B(a,c — a). Then, both f and g are strictly 
decreasing, with f(a+) = log(l/r'), /(oo) = = g(oo), 

1 / oo 2n \ 

Proof. The assertion /(oo) = = g(oo) follows immediately from Stirling's for- 
mula, as in the proof of Theorem 15.31 (cf. [AWl} 1.49.]). Next, the coefficient of r 2n in 
the Maclaurin series of /(c) is 

/ n (c) = r(a + n)r(c - a + n)/{2{n\)T{c + n)) , 
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so that fn(c)/ f n (c) = ^{c — a + n) — ^(c + n) < 0, since \l/ is strictly increasing. Similarly, 
it can be shown that an analogous assertion holds for g(c), thus proving the monotonicity 
of these functions. Finally, 



/( a +) = E ^ = log(1/r ° 

n=l 



and 



1 (1 — a)r 

2 2 -— ' n(a + n - 

n=l v 



1 >^ /r 2n 

9 I n 



„2n ^.2n 



2 \ n a + n — 1 

n=l 



1 00 / 2n \ 

TJ — I V * 



2 

n=l 

Finally, we make some conjectures regarding the behavior of the Legendre .M-function 
combined with other functions. Such problems seem to be quite difficult, and apart 
from the functions in Theorem 13.121 and immediate consequences, we are not aware of 
any results in this direction. In particular, solving any one of the following problems 
immediately yields several interesting functional inequalities generalizing those stated in 
|AQVV| 1.14, 1.15]. 



5.12. Conjectures. Based on experimental evidence, we make the following conjec- 
tures. 

(1) Let < a < c < 1. Then the function f(r) = ^/M.{r 2 ) is strictly increasing from 
(0,1) onto (0, B), and g(r) = \p? j 1 M.(r 2 ) is strictly decreasing from (0,1) onto (0,1?). 

(2) Let < a < c < 1, K > 1, and s = <£>^ c (r). Then the function 

i) fi( r ) — (sAi(r 2 ))/ (rA4(s 2 )) is decreasing from (0,1) onto (l,oo). 

H) f2( r ) = (s'A4(r 2 ))/(r'A4(s 2 )) is decreasing from (0,1) onto (0,1). 

ni) /s( r ) = {X(r)M(r 2 ))/(X(s)M(s 2 )) is decreasing from (0,1) onto (1/K,1). 

iv) f\{r) = (X(r)M(r 2 ))/(X'(s)M(s 2 )) is decreasing from (0,1) onto (l,K). 
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